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Numerical  computation  of  the  equations  governing  the  behavior  of an  ion  in  a  cylindrical  ion  trap  (CIT)
was carried  out  using  an  algorithm  based  on  the  fifth-order  Runge–Kutta  (RK5)  method.  Afterwards,
three  stability  regions  for the  CIT  were  computed  via  combination  of  the  RK5  method  and  sixth-order
Runge–Kutta  (RK6)  method  with  step-size  control.  The  first  region  is  in good  agreement  with  the  previous
result  in  the  literature,  whereas  the  second  and  third  stability  regions  obtained  in this  work  are  reported
for  the  first  time  using  the  RK5  and  RK6  methods.  As a  new  conclusion,  we  demonstrated  that  the  ratio
of  areas  of  the  stability  region  for the  CIT  to  that of a  quadrupole  ion  trap  (QIT)  is  the same  for  the  three
ylindrical ion trap
tability regions
ifth-order Runge–Kutta method
ixth-order Runge–Kutta method with
tep-size control

regions.  Moreover,  dependence  of  stability  regions  of  the  CIT on  the trap  dimensions  as  well as  initial
conditions  of ions  were  investigated.  We  concluded  that  for the  first  region,  the maximum  value of  q
when  U = 0, namely  qmax, follows  a power  regression  function,  which  has  not  been  reported  previously.

© 2011 Elsevier B.V. All rights reserved.

ower regression
tability region areas

. Introduction

Today’s, ion traps with various geometries are used for storage
f charged particles. Among these geometries, traps with hyper-
olic ring and end-cap electrodes, the so-called Paul traps (QIT),
re widely used in research and industries due to its ability to
o multistage MS/MS  experiments as well as its simple mathe-
atical description [1].  The simplicity is mainly attributed to the

uadrupole electric field into the trap, which results the classi-
ed mathematical formalism known as the Mathieu equation [2].
ecause of these, there are a lot of articles published concerning
he characteristics of Paul traps [3–6]. It is worth noting that, ion
raps with cylindrical shape have also received special attention of
he research groups due to some advantages [7–10]. Among them,
ne can mention much easier construction of the CIT in comparison
ith the Paul trap [8],  which enables us to utilize a cylindrical ion

rap for miniaturization [9,11].  Although the CIT has a simple geom-
try for fabrication, its mathematical description is more difficult
han that of a Paul trap [12].

For some specialized applications of mass spectrometry, a mass
lter or an ion trap is designed to operate in higher stability regions

nstead of the first region [3].  It should be noted that the range of

ass-to-charge ratio for the ions that can be stored in the higher

tability regions of three-dimensional traps is very low. Perhaps
his is why they are rarely used, at least for analytical mass spec-

∗ Corresponding author. Tel.: +98 912 2216322; fax: +98 21 66495519.
E-mail address: hnoshad@aut.ac.ir (H. Noshad).

387-3806/$ – see front matter ©  2011 Elsevier B.V. All rights reserved.
oi:10.1016/j.ijms.2011.08.007
trometry. One can find some articles deal with mass spectrometry
of light ions with the energies of the order of several keV using
the quadrupole mass filters operating in higher stability regions
[13]. Regarding high-resolution mass spectrometry, it should be
noted that it would be probably going too far to call the QIT a
high-resolution mass spectrometer. Hence, mass filters are usu-
ally applied for higher resolutions. For instance, higher resolution
spectrometry was  used to separate atomic ions from molecular
ions, which differ in mass by up to 1 part in 2500 [14]. The high-
resolution mass spectrometry was experimentally demonstrated
by means of a quadrupole mass filter operated in the second region
of stability [14] with Mathieu parameters (a, q) ≈ (0.03, 7.55),
which was sufficient to resolve some atomic ions from molecular
ions. As another experimental evidence, one can mention oper-
ation of a mass filter in the third stability region [15] with (a,

q) ≈ (3, 3), which allowed mass analysis with higher resolu-
tions. Moreover, a resolution of several thousands was obtained
with ions of several thousand eV energy using a mass filter oper-
ated in the fourth stability region [16] with Mathieu parameters (a,

q) = (2 × 10−3, 21.3).
The objective of this article is to study the dynamical behavior

of charged particles in a cylindrical ion trap as well as computa-
tion of its three stability regions using the fifth-order Runge–Kutta
method [17]. Special care was taken to make the computation of the
points at the corner of the regions to be carried out accurately. For

this purpose, the sixth-order Runge–Kutta method with step-size
control [18] was  used. The first region of stability obtained from
this work is satisfactorily consistent with the corresponding region
found in the literature [7].  Notably, the second and third stability

dx.doi.org/10.1016/j.ijms.2011.08.007
http://www.sciencedirect.com/science/journal/13873806
http://www.elsevier.com/locate/ijms
mailto:hnoshad@aut.ac.ir
dx.doi.org/10.1016/j.ijms.2011.08.007
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Fig. 1. A schematic view of a cylindrical ion trap.

egions computed for the CIT have not been reported in the litera-
ure previously using the RK5 and RK6 methods. Furthermore, the
ependence of the stability regions on the trap sizes as well as on
he initial conditions of ions was investigated.

. Theoretical description

Fig. 1 shows a schematic view of a cylindrical ion trap
ith grounded end-cap electrodes. Applying electric potential
0 = U + V cos ˝t  to the ring electrode, the potential distribution

nto the CIT is given by solving the Laplace’s partial differential
quation in cylindrical coordinates [19]. In the relation, U and V are
c and zero-to-peak ac voltages, respectively, whereas  ̋ denotes
he angular frequency of the rf signal in rad/s. Although the numer-
cal study of the CIT is rather more complicated in comparison with

 Paul trap, the mathematical derivation of the formulas is straight-
orward, and can be found in the literature [7,8,20]. The potential
nto the cylindrical ion trap can be written as [7]

(r, z) =
∞∑

n=0

4(−1)n (U + V cos ˝t)
(2n  + 1)�  I0(lnr1)

I0(lnr) cos(lnz), (1)

here I0 stands for the 0th-order modified Bessel function of the
rst kind, and ln is defined by

n = (2n  + 1)�
2z1

n = 0, 1, 2, ... (2)

Applying E = −∇ ϕ, the electric field components into the CIT are
xpressed by

r = −2(U + V cos ˝t)
z1

∞∑

n = 0

(−1)n

I0(lnr1)
I1(lnr) cos(lnz) (3)

z = 2(U  + V cos ˝t)
z1

∞∑

n = 0

(−1)n

I0(lnr1)
I0(lnr) sin(lnz), (4)

here I1 denotes the first-order modified Bessel function of the
rst kind. The r and z positions of a particle of mass M and electric
harge Q into the CIT are given as follows:

d2r

dt2
= −2Q (U + V cos ˝t)

Mz1

∞∑ (−1)n

I0(lnr1)
I1(lnr) cos(lnz) (5)
n = 0

d2z

dt2
= 2Q (U + V cos ˝t)

Mz1

∞∑

n = 0

(−1)n

I0(lnr1)
I0(lnr) sin(lnz). (6)
Fig. 2. The trajectories of an H+ ion for r1 = 2.5 mm,  z1 = 2.88 mm,  f = 1 MHz, U = 0 and
V  = 100 V, and hence ˛z = 0 and �z = 233.7.

Eqs. (5) and (6) are transformed to the following set of coupled
differential equations

d2r

d�2
+ (˛r − 2�r cos 2�)f (r, z) = 0 (7)

d2z

d�2
+ (˛z − 2�z cos 2�)g(r, z) = 0, (8)

where f(r, z) and g(r, z) are defined by

f (r, z) = z1

∞∑

n=0

(−1)nI1(rln) cos(zln)
I0(r1ln)

(9)

g(r, z) = z1

2

∞∑

n=0

(−1)nI0(rln) sin(zln)
I0(r1ln)

, (10)

respectively. The dimensionless parameters ˛z, ˛r, �z, �r and �
in Eqs. (7) and (8) are given by

˛z = −2˛r = −16QU

Mz2
1˝2

(11)

�z = −2�r = 8QV

Mz2
1˝2

(12)

� = ˝t

2
. (13)

3. Results and discussion

The set of coupled ordinary differential Eqs. (7) and (8) was
numerically solved by using the fifth-order Runge–Kutta (RK5)
method. This method and the mathematical algorithm can be found
in detail in Ref. [17]. Fig. 2 depicts the trajectories for a typical
ion such as H+ confined in the CIT with r1 = 2.5 mm,  z1 = 2.88 mm,
f = 1 MHz, U = 0 and V = 100 V, which shows the stable dynamical
behavior of the ion. For these quantities, the corresponding values
of 0 and 233.7 were obtained for ˛z and �z, respectively. In this
computation, we used ion positions of 1 × 10−6 mm for both r and
z components as initial positions, whereas the initial ion velocities
were selected as zero for the two components. It is worthwhile to
note that for an ideal Paul trap, the type of ion motion, and hence the
motional stability is independent of the initial position and veloci-
ties of the ions. This is no longer true if nonlinear fields are included
as is the case for the CIT. The stability region of a nonlinear trap
such as the CIT hence also depends on the initial spatial and veloc-

ity coordinates. In other words, the results obtained will depend on
the chosen initial conditions. In this analysis, we selected the simple
initial conditions of 0 and 1 × 10−6 mm for ion velocities and posi-
tion, respectively. In fact, first, we were interested in choosing 0 for
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he black circles represent the corresponding data for a Paul trap taken from
ef. [3].

he initial ion position. But under these conditions, due to the sym-
etry, no motions of ions were observed in our simulation. Hence,
e selected the initial position to be as 1 × 10−6 mm instead of zero.

he other reason for selecting 1 × 10−6 mm was that it enabled us
o compare our first stability region with the corresponding region
eported by Lee [7].

The three stability regions for the CIT with r1 = 2.5 mm and
1 = 2.88 mm with initial ion position of 1 × 10−6 mm are shown in
igs. 3–5.  Reassuringly, the points at the corners of the regions were
omputed using the RK6 method with step-size control [18] as well.
his method is based on a complete coverage of the leading local
runcation error term, which is similar to the classical Runge–Kutta

ormulas without step-size control. The formulas obtained from the
K6 method with step-size control has an advantage over the other
ethods. These formulas contain one or more parameters, which

y a proper choice of them, the leading term of the local truncation

able 1
he values of  ̨ and � for the points at the corners of the stability regions of the CIT comp

First stability region Second stability

A1 B1 C1 O A2 B2

CIT  ̨ 0.18 −0.64 −0.74 0 2.84 2.7
� 0.78  1.40 1.30 0 3.91 4.0

QIT aa  0.15 −0.53 −0.67 0 2.84 2.7
qq  0.79 1.35 1.23 0 3.85 3.9
respond to our computation for the CIT with r1 = 2.5 mm and z1 = 2.88 mm;  whereas,
the  black circles represent the corresponding data for a Paul trap taken from
Ref. [3].

error reduces substantially. This, in general, results in an increase
of the permissible step-size and, as a consequence, smaller num-
ber of evaluations per step [18]. In other words, in this method,
we save the steps since the local truncation error is smaller. In our
computation, the number of steps was selected as 3450. Hence, by
considering 10th number of evaluations per step, the total number
of evaluations in our simulation was  34,500.

In Figs. 3–5,  the corresponding results for a Paul trap taken from
Noshad and Doroudi [3] are also included in order to be able to
compare our results for the CIT with them at a glance. Table 1 shows
the values of  ̨ and � at the corners of the three stability regions for
the cylindrical ion trap as well as the values of a and q at the corners
of the corresponding regions for the conventional Paul trap.

It is notable that area of a stability region is frequently used as an
appropriate parameter, which enables us to compare two  regions
with each other properly [21]. For this purpose, the ratio of areas
of stability regions can be used as well. In this work, we  computed
the points of the first stability region for the CIT by using the RK5
method [17], and good agreements were found between the area
calculated for our first region and that of published by Lee [7].  In
our computational approach, the parameters  ̨ and � were scanned
until a trajectory was found to be stable. To verify that for a given ˛
and � the set of Eqs. (7) and (8) has stable solutions, the computa-
tions were made for 300 rf cycles in the ion trajectory. To determine
the step sizes for  ̨ and � parameters, a compromise between the
required accuracy and time allotted for the computation is needed.
Smaller step sizes give slower computation but higher accuracy,
whereas larger steps result faster computation and less accuracy.
In this computation, step sizes for  ̨ parameter were selected as
0.02, 0.01 and 0.02, while for � parameter the steps were con-
sidered as 0.02, 0.01 and 0.005 for the first, second and the third

regions, respectively. By considering these values for  ̨ and �, an
optimization for the accuracy was  made. Under these conditions,
the uncertainty of 2.1% was  obtained for computation of our first
stability region as compared to the corresponding region published

uted in this work as well as the corresponding values of a and q for a QIT.

 region Third stability region

C2 D2 A3 B3 C3 D3

4 2.46 2.45 8.70 8.71 8.14 8.14
1 3.72 3.52 7.99 8.02 7.75 7.71

6 2.41 2.45 8.69 8.68 8.13 8.13
8 3.72 3.52 8.08 8.11 7.74 7.71
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shape. In other words, stability regions of the CIT depend on the
trap sizes. This conclusion is supported, on the one hand, by the
ig. 6. qmax as a function of r1 for the first stability region of a cylindrical ion trap
ith z1 = 2.88 mm and the power regression.

y Lee [7]. For the second and third regions, error propagation for-
ula [22] gives an average uncertainty of 1.8%. It should be noted

hat as far as we know, no article has been published regarding
he second and third regions of stability for a cylindrical ion trap
sing RK5 and RK6 methods. Furthermore, the areas of the three
tability regions for a CIT with r1 = 2.5 mm and z1 = 2.88 mm  as well
s for a Paul trap were evaluated. We  drew a conclusion that the
atio of the areas for the CIT to the corresponding value of a QIT,
amely SCIT/SQIT, is the same for the first, second and third sta-
ility regions. Similar computations were also made for another
alues of r1 and z1, and our conclusion was confirmed. In the case
f r1 = 2.5 mm and z1 = 2.88 mm,  this ratio was calculated to be as
.23 ± 0.03.

The effect of the trap dimensions, namely r1 and z1, on the
rst stability region was investigated by computation of the max-

mum value of q when U = 0, namely qmax. Figs. 6 and 7 show qmax

ersus r1 and z1, respectively. One can see that qmax can be properly
xplained by a function based upon the least square method, which
lightly increases as the dimension of the trap increases. A nonlin-
ar fitting gives appropriate power regression functions presented
y Eqs. (14) and (15) for z1 = 2.88 mm and r1 = 2.5 mm,  respectively.
n addition, similar evaluation for qmax versus � = r1/z1 can be seen

n Fig. 8, and the corresponding power regression function is shown
y Eq. (16). In Figs. 6–8 the fitted curves are able to reproduce the
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ig. 7. qmax as a function of z1 for the first stability region of a cylindrical ion trap
ith r1 = 2.5 mm and the power regression.
Fig. 8. qmax as a function of � = r1/z1 for the first stability region of a cylindrical ion
trap  and the power regression.

computational data within the uncertainty of 4% using the error
propagation formula [22].

qmax = 0.79 r0.15
1 (14)

qmax = 0.77 z0.21
1 (15)

qmax = 0.93�0.15 (16)

The similar curve fittings were also made for other values of r1
and z1, and consequently power regression function of the form
qmax = a wb was  demonstrated, where a and b are constants, and

w stands for r1, z1 or �.
Furthermore, the computation was  carried out for the second

region of a CIT with twofold in dimensions in order to investigate
the influence of r1 and z1 on the stability diagram. Fig. 9 shows the
second region of stability for r1 = 5 mm and z1 = 5.76 mm as well
as the corresponding region for r1 = 2.5 mm and z1 = 2.88 mm.  To
confirm that the discordance of the stability region is significant and
is not related to the error of the computational technique, we  used
the sixth-order Runge–Kutta method with step-size control as well.
One can see that the region is enlarged for a double-sized cylindrical
ion trap. It means that the calculation of the second stability region
is also sensitive to the dimensions of an ion trap with a cylindrical
results published in Ref. [23] and, on the other hand, by Eqs. (7)
and (8) in which the parameters ˛z, ˛r, �z and �r as well as two
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onlinear terms f(r, z) and g(r, z) are functions of trap dimensions,
amely r1 and z1.

To investigate the dependence of stability regions on initial
onditions, we computed qmax for r1 = 2.5 mm,  z1 = 2.88 mm.  In
his computation, the initial ion velocity was considered to be 0,
hereas the initial positions of ions were assumed to be equal

o various values. As a result, we observed variations of qmax and
ence changes in the stability regions, if the selected initial spatial
oordinates of ions (r0, z0) are not too small compared to typical
imensions of the ion cloud (FWHM of about 1 mm).  For instance,
y considering (r0, z0) = (0.1, 0.1) mm and also (r0, z0) = (1, 1) mm,
he results differ with each other more significantly. Furthermore,
e drew a conclusion that in order to obtain the same results for a

ingle- and double-sized CIT, the initial positions need to be scaled
y the same factor as the trap size. As a numerical evaluation, our
omputation showed that for a CIT with r1 = 2.5 mm,  z1 = 2.88 mm
nd initial positions (r0, z0) = (0.1, 0.1) mm,  the stability regions are
he same as for a double-sized CIT, namely r1 = 5 mm,  z1 = 5.76 mm
nd initial positions of (r0, z0) = (0.2, 0.2) mm.  This fact can also
xplain the different stability regions found in our computation for

 single- and double-sized cylindrical ion trap with the same initial
on positions as shown in Fig. 9.

. Conclusions

The motion of ions in a cylindrical ion trap as well as the three
egions of stability were numerically investigated. Computation of
he stability regions in an ion trap such as a CIT requires high-
ccuracy numerical techniques. It is worth noting that the RK5
ethod can be considered as an appropriate and accurate-enough

echnique. Nonetheless, the points at the corners of the regions
ere recomputed by using the sixth-order Runge–Kutta method
ith step-size control. One can see that the first stability region of

he CIT is similar to that of the Paul trap except for some negative
alues of dc voltages, for which an expansion is observed. Moreover,
he second and third regions of the CIT are in discord with those of
he Paul trap. The discordance is more apparent in comparison with
he first stability region.

Evaluation of the ratio of the area for the stability regions of
 CIT to the corresponding region of a Paul trap shows that the
atio is the same for the three regions of stability. For a CIT with
1 = 2.5 mm and z1 = 2.88 mm,  the ratio was calculated to be as
.23 ± 0.03.

We drew a conclusion that the stability regions for the CIT

epend on the dimensions of the trap, whereas for the Paul trap
oes not. Furthermore, it is demonstrated that qmax as a func-
ion of the trap dimensions can be properly explained by a power
egression function, which has not been investigated previously.

[

[
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Moreover, our results confirm that for a cylindrical ion trap, the sta-
bility regions depend on the trap dimensions as well as ion initial
conditions, contrary to the case of a Paul trap.
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